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The quantization of the second-class constraint systems is discussed within the 
P^. projection operator method(POM) of constraint systems. Using the nonlocal rep- 
r-| ! resentation of the projection hyper operators, the new star products are proposed, 
I which are composed of the constraint hyper opeiaiors. Then, the projected operator- 
algebra of the quantized constraint systems is given with these star-products, and 
it is shown that the commutators and symmetrized products among the projected 
operators contain the quantum corrections due to the noncommutativity among op- 
^ ! erators in the product of the projected operators. 
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. 1 Introduction 

■ The problem of the quantization of constraint systems has been extensively in- 

vestigated as one of the most fundamental problems in gauge theory pQ. There exist 
two standard approached to quantize constraint systems. The first approach, which 
we shall call the approach I, is to impose the constraints first and then to quantize 
on the reduced phase space [2]. The second, which we shall call the approach II, is 
inversely first to quantize on the unconstrained phase space, and then to impose the 
constraints as the operator-equations [3J. 

There often occur the situations where the two are not equivalent. In the case of 
the first-class constraints, this problem has been extensively investigated until now 
, and it has been shown that the second approach involves the contributions which 
can never appear in the first one[4j. 
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In the case of second-class constraints, the quantization of the constraint systems 
in the canonical formalism has usually been accomplished by using the generalized 
Hamiltonian formalism with the Dirac bracket [2], which is in the approach I. There 
have been proposed many formalism within approach II; the operator formalism 
developed by Batalin and Fradkin[3], the projection operator method[5l [6] and the 
algebraic approach proposed by Ohnuki and Kitakado[7j, etc. Using the projec- 
tion operator method[5] (POM), then, we have shown that the operator-algebra in 
the approach (II) contain the quantum corrections caused by the noncommutativity 
in the re-ordering of constraint-operators in the products of operators, which can 
never be obatined by the appoach (I). Alternative formalism of quantization is the 
Wely-Wigner-Moyal(WWM) quantization [HI [H], and has been investigated for the 
constraint systems in Refs.|im [TT|. In the WWM, the star-product are defined in 
the following formal [T2]: 



where = d/dz^ with the canonical coordinates and momenta = {q\pi',i = 
1, ■ ■ ■ , A^), and is the symplectic matrix. 

By using the nonlocal representation of the operations of hyper-opeiatois ^ and 
^' on the operators X and Y, 



where k = z^lf^ is a set of the operators {q\j.yPi ,i = 1, ■ ■ ■ , A^), we shall propose 
the new star-products, which are composed with the constraint /i?/]9er-operators and 
have the same structures as (1.1). Then, the projected operator-algera formulated 
in POM is reformulated in terms of these new star-products and the reformulated 
algebra is shown to be the extension of the Moyal star-products to the operator 
formalism in the constraint systems. 

The present paper is organized as follows. In sect. 2, we review the POM in terms 
of the symplectic representation. In sect. 3, we intrduce the nonlocal representation 
for the operations of /iyper-operators in the form of (1.2) and the new star-products 
are proposed. By using these star-products, we present the general formulas of 
the commutators and symmetrized products among the projected operators in the 
second-class constraint system. It is shown that these commutators and symmetrized 
products contain the quantum correction terms due to the noincommutativity of 
operators. In sect. 4, some concluding remarks are given. 




(1.1) 



{iX){i'Y) = mai)X{k)Y{l)\,=u 



(1.2) 
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2 Projection Operator Method of Constraint Sys- 
tem 

We shall treat the constraint systems with the supersymmetry. So, we will adopt 
the supercommutator defined as 

[A, B]^AB- {-1)<^^<''^BA (2.1) 

and the supersymmetrized product 

{A, B} ^^{AB + {-ly^^^'^^^BA) (2.2) 

for operators A and B. where e(A) is the Grassmann parity of A. Let A^'^^ ^ A^"^ be 
the /i?/;?er-operators defined as follows: For any operator O, 

i(+)0 = {A, O}, A^-^0 = 4[A O]. (2.3) 

in 



Then, they obey the /lyper-commutator algebra 

[i(+),S(+)] = ^(7a, 



[M-\B^-A^^C^aI (2-4) 



where Cab = [A,B]. 



2.1 Second-class constraint system 

Let {C, H{C),Ta{C)) be the initial unconstraint quantum system, where C = 
{{q\Pi);i = l,---,N} is a set of canonically conjugate operators (CCS), which 
satisfy the canonical commutation relations (CCR) 

[q\pj]^ihSi, [q\q']^\pi,Pj]^0, (2.5) 

H{C), the Hamiltonian of the initial unconstraint system and T^iC) (a = 1, • • • , 2M < 
2A'^), the constraint-operators corresponding to the second-class constraints Tq, = 0. 
Starting with (C, if(C), ^^(C)), then, we construct the constraint quantum system 
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(C*, H*{C*),Ta{C*)), where C* is the set of - M canonically conjugate pairs stis- 
fying 

T,(C*) = (a = l,---,2M). (2.6) 

From the analogues of the treatment with the Darboux's theorem in the classical 
systems, we can, in principle, construct the canonically conjugate set in terms of 
Tq,(C), which we call the associated canonically conjugate set (ACCS)[5]. 

Let {i^", 7ra)|e(0 = e{TTa) = s, a = 1, ■ ■ ■ , M} be the ACCS constructed with T„. 
In order to collectively represent the ACCS, we introduce the symplectic form 
as follows: 

r e {a = a) 

Za=\ (2.7) 
[ {a = a + n) (a = l,---,2n ; a = l,---,n), 

which obeys the commutation relation 

z^] = th{-{-y)j^p = znr^, (2.8) 

where 

(O I \ \ I : n X n unit matrix 

with <^ (2.9a) 
— (—)*/ O J ^ y O : n X n zero matrix 

is the supersymmetric symplectic matrix and Jq,^, defined as 

(0 -{-yi\ 

U=i ^ , (2.96) 

\ / a/3 

is the inverse of J"'^ with 

J'^^Jp, = 6^ , Jo^pJ^^ = 61 (2.9c) 

From (2.4) and (2.8), the symplectic /iyper-operators obey the /i?/^er-commutation 
relations 

[z(±),zf)]=o, 

(2 10) 

2.2 Projection operator V and projected system 

Following Ref. [5], we define the /iyper-operator V as follows: 

oo / \ns 

X> — ST ^ ' T'^i'^i 7an/3n 7(+) 

(2.11) 

exp 



n=0 



exp[J"^<^„z(-)]U=o, 
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which satisfies the following algebraic properties [5]: 



n=0 "'• 



an Pn 



(-) 



exp 



exp 



d 



difa 

d 



(2.12) 



d(pc 



Pexp[-J-V4"^]|^=o = l, 



pz„ = 0, = = 



(2.13) 

Then, the available formulas of the projections of commutators and symmetrized 
products including Z^^^ are obtained, which we shall present in Appendix A. 

Through the operation of V, now, the initial unconstraint system (C, H{C), Ta{C)) 
is projected on to the constraint system {C* , H*{C*),Ta{C*)) as follows: 



iC,H{C),T^{C)) ^ (C*,/f*(C*),T,(C*)), 
and the operator O G C is transformed to O* = VO G C*, where 

C* = VC = {iq*\pl), ■ ■ ■ , (g*^*,p^O}, {N* = N- M), 

H*{C*) = VH{C) = H*{VC), 

T„(c*) = pr,(c) = o. 

The condition Tq,(C*) = is called as the pojection condition[5]. 



(2.14) 



(2.15) 



2.3 Commutator and Symmetrized product formulas of pro- 
jected operators 

By using the algebraic properties (2.12), (2.13) and (A.1)-(A.4), we obtain the 
following formulas in the constrained system {C* , H*{C*) ,Ta{C*)): 
for any operator X and Y, 



[PX, VY] = ^(-l)'^^C(2")(X,F) + 2(-l)^^^^(-l)"^+^^(2n+i)^^^y^^ ^2.16a) 

n=0 n=0 

OO -I oo 

{VX, VY} = ^(-l)"^^(2n)^^^y^^_^_^^exs^(_l^n«+«^(2n+l)^^^y^^ ^2.166) 



n=0 



ra=0 



oo oo 

V[X, Y] = ^(-l)"^C?"\x,r) - 2{-iy^' (2.17a) 

n=0 n=0 

oo 1 oo 

v{x, Y} = Y.{-iy''s!^-\x,Y) - -i-iy-^ (2.176) 

n=0 ^ n=0 

where 

cW(x, r) = i (I)" J"^'^^ • • • J^'-'-vizii^ ■ ■ ■ zi-^x, • • • zjrM 
{X, y) = 1 (^^ j . . . . . . zi-)x, z^fj... z^fjY}, 



(2.18) 



and 



C^iX, r) = 1 (Aj' jaift . . . . . . zi-)x, VZ^,-J ■ ■ ■ zjr^^Yl 

S^iX, F) = 1 (^i) " J-/^^ . . . . . . zi;)^, vz^fj ■ ■ ■ 47V}. 

(2.19) 

3 star-product Representaion of Projected oper- 
ator Algebra 



3.1 Nonlocal representation of Projected operator Algebra 

Let the operator X, the /lyper-operators Z^^ and V in the CCS be X(rj), 
^iid '^(v)-> respectively. Then, the product of (Zj~^X)(Z^^^Y) is rewritten 

as 

{Zi-^X){Z^f^Y) = {{-iy-'Zi-\rj)Z^f\C)X{rj)Y{0)\^^^ (3.1) 
Prom (3.1), the products of such operators as Z^'^ • ■ • Z^~^X are rewritten as follows: 

= (^i;i(^)C^(c)---^i7)(r/)47^(cm^mc) 



an ai 

(3.2a) 



(3.26) 

= (-i)ns+e.s (z(;)^^(r;)4-)^^(C)---Z(7)(r7)47)(C)X(r;)F(C)) 
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and then, the product of the projected operators becomes as 



{VX){VY) = {V{v)V{0X{7^)Y{C))l^^ . (3.2c) 



By using the formulas (3.2a), (3.2b) and (3.2c), one obtains the following nonlo- 
cal representations of the commutators and the symmtrized products among the 
operators under the operation of V: 



[PX, VY] ^ V{ cosH^.Z(-\rj)J-^Z^^\0)[X{v), Y{0] 



{VX, VY} = r (^cosH^Ji-\r,)J'^^^-\0){X{r]), Y{C)} 



+ {-irlsmh{^Z^^\rj)r^Z^f\C))[X{v), Y{C)] 



2i" 



r[X, Y] = (p(r;)P(C)(cosh(^Z(-)(ry)J"/^4-)(C))[X(ry), Y{C)] 

h 



-ir2smh{gZi-\r))J-^Z^f \0){X{rj), Y{C)} 



V{X,Y} = (P(r])P(C)(cosh(Az(-)(r?)J"/^4-)(C)){X(ry), y(C)} 



2i 



- (-l)^^sinh(izH(;^)j"/^z^)(C))[x(ry), Y{0] 



(3.3a) 



(3.36) 



(3.4a) 



(3.46) 



3.2 Star-product representation of Projected operator Al- 
gebra 

3.2.1 Product of projected operators 

By using the nonlocal representations (3.3a) and (3.3b), one obtains the Moyal 
product form of operator-equation for the product of projected operators {VX){VY). 
Let ©^^ be the bilinear form of Z^^ (rj) , which is defined by 



e'>^ = zi-\r))rf^z^i\C). 



(3.5) 



Then, the product {VX){VY) is rewritten in the following way: 

{rx){VY) = \[rx, VY] + {px, vy} 
= V ^ (|cosh(^e''^) + (-i)^sinh(^e''o) ^(^)nc)^ 

= Pexp(Ae''0 ('i(X(r7)r(C) + X(C)r(r;)) + ^(X(r;)F(C)-X(C)r(r;))] 

\ / r)=C 

(3.6) 

From (3.6), we obatain the following formulas of the commutator and the sym- 
metrized product for the projected operators VX and VY: 

[VX,VY] = {VX){VY)-{-lf^^^{VY){VX) 

= i-iyV exp(|:e''^) {X{n)Y{0 - {-ir-'-Y{r^)X{Q) , 

?j=C 

(3.7a) 

{VX.VY} = ^((PX)(PF) + (-1)™(PF)(PX)) 

= Pexp(-e''^)-(X(r;)F(C) + (-l)^-^--F(r/)X(C)) . 



3.2.2 Projection of product of operators 



By using the nonlocal representations of the projections of the commutator and 
symmetrized product, (3.4a) and (3.4b), one obtains the Moyal product form of 
operator-equation for the projection of the operator XY in the following way: 

V{XY) = ^{P[[X,Y] + 2V{X,Y}) 

= (nvMC) [cosh(Ae^";) - (-i)^sinh(Ae<)^ x{v)y{c) 



r,=C 



(3.8) 



X (l{X{rj)Y(0 + X(OY(rj)) - ^-^(X(rj)Y(0 - X(OY{r))) 



Then, the projections of [X, Y] and {X, Y} are rewritten in following way: 

V[X, Y] = V{XY) - {-iy^'^V{YX) 

= -(-1)^ {v{v)V{C) ewdQ'^) iX{v)Y{0 - {-ir-^-Y{7])X{0) 



V{X, Y} = 1{V{XY) + {-ly^'^ViYX)) 



'2i 

(3.9a) 



ri=C 



'v{v)v{0 exp(^e'"^)^ ix{rj)Yic) + (-i)^-^-y(?7)^(C))' 



3.3 Star repesentation of Projected operator Algebra 



(3.96) 



The commutator formulas (3.7a), (3.9a) and the symmetrized product ones, (3.7b), 
(3.9b) can be reformulated in terms of the so-called star-product hke the Moyal 
star-product. For this purpose, we introduce the operator-products in the quantum 
constraint systems as follows: 



X^Y=exp{^Q^i)X{7^)Y{C) 
1% 



(3.10) 



which we shall call the constraint ★ -product, and 

(3.11) 



which, the constraint f-k -product. 

We next define two kinds of ★ -commutators and -p* -symmetrized products as 
follows: 

[X, Y\^^X-kY - {-ly^^^Y -k X (★-commutator), 

1 (3.12) 
{X, Y}^^ -{X-kY + (-l)^^^^y ★ X) (★-symmetrized product) 

and 

[X,Y\f^^Xv^Y -{-lY^^^Yv^X (p ★-commutator), 

1 (3.13) 

{X,Y}p^ = -{Xv^Y + {-ly^'^'Yv^X) (p* -symmetrized product). 
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Finally, the nonlocal representations of the commutators and the symmmetrized 
products (3.3) and (3.4) are reformulated by using the constraint -p* -product 
formulation as follows: 

[VX,VY]^{-iyV[X,Y], 

(3.14) 

{VX,VY}^-V{X,Y}, 

and 

V[X,Y]^-{-lY[X,Y]p^ 

(3.15) 

V{X,Y} = {X,Y}^^. 

Successively applying the formulas (3.14) and (3.15), the commutator of the pro- 
jected operators VX and VY can be represented in the form of the power series of 
fi as follows: 

oo 

[VX,VY] = Y,K'Cr,{n, (3.16) 

n=0 

where the first two terms are the quantized form of the Dirac bracket and the rest 
higher order terms of h are the quantum corrections caused by the noncommuta- 
tivity among the ACCS and the operators X, Y . Similarly, the projection of the 
symmetrized product, V{X, Y} is represented in the following form: 



r{X,Y} = Y.h^^Sn{n, (3.17) 

n=0 

which contains the qunatum corrections in the form of the power series of fi^. 



4 Conclusions 

We have proposed the new types of star-products in the quantization of the 
second-class constraint systems with the operator formalism. Although the ordi- 
nary star-product 

(4.1) 

Z\=Z2=Z 

is expressed in terms of the original CCS, {z^ = {q\pi : i = 1, ■ ■ ■ , N)}, with the 
nonlocal representation, the star-products (3.10) and (3.11) are described in terms 

of the /iyper-operators (a = 1, ■ ■ ■ , 2M) of the ACCS, which is the subset the 
modified CCS, C* ® {2^}. Then, one sees that the new star-producrts defined by 



f{z)^g{z) = exp(y^^^^^^)/(^n^(4) 
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(3.10) and (3.11) are the projections of the ordinary star-products to C* in the op- 
erator formahsm. 

By using these star-products, we have derived the commutator formulas and the 
symmetrized product ones, (3.14) and (3.15), in the projedcted quantum system. 
Successively applying the these formulas, it has been shown that the commutators 
among the projected operators and the operator products contain the quantum ef- 
fect caused by the noncommutativity among the ACCS and the operators in the 
form of the power series of h. 

Appendix A Some Projection Formulas 



In order to calculate the projection of such a type of X{Z^'^^)'^Y, here, the fol- 
lowing formulas are presented. 




• • • Zi^2,J} = -(-1)-^+"^ l^-j V[Zi-l^ ■ ■ ■ Zi-^X, Y] (A4) 
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